
JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 9, No. 4, October-December 1995

Adaptive Finite Element Method for Mixed Convection

D. Pelletier* and F. Ilincat
Ecole Poly technique de Montreale, Montreal, Quebec H3C 3A7, Canada

This article presents an adaptive remeshing finite element method to solve heat transfer problems by mixed
convection. Solutions are obtained in primitive variables using a high-order finite element approximation on
unstructured grids. Two general estimators are developed for analyzing finite element solutions to planar and
axisymmetric mixed convection heat transfer problems. The methodology is applied to heat transfer predictions
for two cases of practical interest.

Nomenclature
a = radius of the tube
cp = specific heat
e = error
/ = friction coefficient
Gr = Grashoff number
g = gravity vector
h = element size
k = thermal conductivity
Nu — Nusselt number
n = outward unit vector
p = pressure
q = heat flux
Re — Reynolds number
Ri = Richardson number
T = temperature
u = velocity vector
v, 5, w = test functions
j8 — volume expansion coefficient
8 = element size for new mesh
77 = relative error
fji = viscosity
p — density
r = stress tensor
V = gradient operator
V - = divergence

Subscripts
av = average
e = entry value
h = finite element solution
m = mean value
d, B = boundary
oo — infinity value
0 = reference value

Introduction

H EAT transfer by mixed convection is of practical sig-
nificance for many systems of engineering interest. Ex-

amples include heat exchangers, cooling processes in nuclear
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reactors, combustors and furnaces, and cooling of electronic
equipment. All these problems are characterized by the in-
teraction of buoyancy forces and forced convection that often
results in recirculation zones that may not be attached to solid
walls or sharp corners. This contrasts sharply with more fa-
miliar forced convection problems. All mixed convection sit-
uations present the same challenge for computational meth-
ods: the location and extent of shear layers and stagnation
point is very difficult to determine a priori. The net result is
that achieving accurate solutions is a very demanding task for
the analyst.

Adaptive finite element methods (FEMs) provide a pow-
erful approach for accurately solving such complex problems.
Grids points are automatically clustered in the region of rapid
solution variation to improve accuracy. In the present ap-
proach this is done in such a way as to result in a solution
that is uniformly accurate throughout the flow domain. This
tight control on the solution process makes it possible to ob-
tain "numerically exact solutions" to the Navier-Stokes equa-
tions. The adaptive process turns out to be cost-effective in
the sense that the best numerical solution is obtained at the
least computational cost.

While initial breakthroughs occurred nearly seven years ago
in compressible aerodynamics,1 little work has been done for
incompressible flows and even less for heat transfer problems.
Proof of concept computations were reported in Refs. 2 and
3. In Refs. 4-9, the methodology proposed by the authors
was quantitatively validated by solving flows with known an-
alytical solutions and by computing cases for which experi-
mental measurements were available. Cases treated covered
isothermal laminar flows, heat transfer by free convection,
conjugate heat transfer with variable fluid properties, and
turbulent free shear flows. This article presents a rigorous
extension of the methodology to mixed convection.

Adaptive FEMs have been demonstrated for forced and
free convection problems. In the former case the momentum
equation is decoupled from the energy equation, while in the
latter one the Boussinesq term is the driving force of the flow.
Mixed convection flows present special challenges because
they give rise to complex flow patterns, especially with lo-
calized heating or cooling of the wall: flow reversal away from
the wall and recirculation zones on the centerline of a pipe.
These unusual phenomena are due to the interaction of a
forced flow with Boussinesq effects. This gives rise to thin
layers or slender recirculation bubbles whose location is dif-
ficult to predict a priori and which may have a significant
impact on pressure drop and heat transfer.10 It is far from
obvious that adaptive methods targeted at forced or free con-
vection are adequate for mixed convection. This article is
focused on determining whether the adaptive remeshing pro-
cedure is suitable for such flow problems.

This article is organized as follows: first the equations of
motion and the finite element solver are reviewed. The meth-
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odology section describes the two error estimators and the
adaptive remeshing strategy. The method is then applied to
the prediction of heat transfer for two problems of practical
interest: mixed convection in vertical pipe and in a sudden
expansion. Results are compared to experiments. This article
closes with conclusions.

Modeling of the Problem
Equations of Motion

The flow is modeled by the Navier-Stokes, continuity, and
energy equations with the Boussinesq approximation:

pu-Vu = -Vp + V-T + pgp(T - T0)
V-u = 0 (1)

pcpU'VT=V-q

where the stress tensor r is defined by

r = fji{Vu + (Vu)T} (2)

and q = kVT is the heat flux. Appropriate boundary con-
ditions complete the statement of the problem.

Finite Element Solver
The variational equations solved by the FEM are obtained

by multiplying the above equations by appropriate test func-
tion and integrating over the domain of interest. Application
of the divergence theorem to the momentum and temperature
diffusion terms leads to the following weak form:

(pu-Vu, v) + a(u, v) - (;?, V - v ) - (pgfiT, v)

- -(pgpT09v) + <?, v>

( s , V - u ) = 0
(pcpu-VT, w) + d(r, w) = (qB, w)

(3)

where

a(u, v) - J r(w):

A variant of an H-method, called adaptive remeshing, has
been retained because it provides control of element size and
grading to accurately resolve flow features such as shear and
thermal layers. In this method the problem is first solved on
a coarse grid to roughly capture the physics of the flow. The
resulting solution is then analyzed to determine where more
grid points are needed and an improved mesh is generated.
The problem is solved again on the new mesh using the so-
lution obtained on the coarser mesh as an initial guess. This
process is repeated until the required level of accuracy is
achieved.

Remeshing also offers an elegant and simple approach to
use the best proven finite element approximations in an adap-
tive context.11-14 This circumvents the problem associated
with P-methods of satisfying the so-called Ladyshenskaya-Ba-
buska-Brezzi (LBB) compatibility condition between the ve-
locity and pressure approximations. It also eliminates the
"hanging node problem" encountered in some H-refinement
methods.3

Error Estimation
This section describes two error estimation techniques for

assessing the accuracy of the solutions obtained by the finite
element solver.

Projection Error Estimator
This technique was first introduced in Ref. 15 and is based

on the observation that the derivatives of the finite element
solution are discontinuous on the element boundary while the
exact derivatives are continuous. The difference between the
two is a measure of the accuracy of the numerical solution.
However, the exact solution is not known in cases of practical
interest, but because of the superconvergence property of the
FEM, an approximation to the true derivatives can be ob-
tained by a least-squares projection of the finite element de-
rivatives:

2 I <Ur,7 - f,) d* = (8)

Vv dfl (4) where

7w dfl (5)

and the boundary terms are given by

(i, v) = I (T-» - pn)-v ds + I i-v ds (6)

g-nw d? + qBw ds (7)

These variational equations are solved by a standard Gal-
erkin method coupled to an augmented Lagrangian algorithm
to treat the incompressibility.11 The equations are discretized
using the seven-node triangular element that uses an enriched
quadratic velocity field, a quadratic temperature, and a linear
discontinuous pressure approximation.4-7

Adaptive Methodology
The basic idea behind adaptive methods is to assess the

quality of an initial solution obtained on a coarse mesh by
using some form of error estimation and to modify the struc-
ture of the numerical approximation in a systematic fashion
so as to improve the overall quality of the solution. There are
several ways of achieving adaptivity: P-methods increase the
degree of the polynomial approximation12; R-methods relo-
cate grid points,13 and H-methods proceed by either mesh
enrichment or remeshing.13'4

(9)

is the projection of the FEM stresses r into the space of the
velocity interpolation functions. The nodal values of the con-
tinuous stresses are then obtained by solving the following
system:

fJK
f 4>mr, dx\

JK }
(10)

The same least-squares projection approach is used to ob-
tain a continuous approximation for the pressure and heat
fluxes. The velocity, pressure, and temperature contributions
to the error are then given by

e" = T — T
e? = p - p
eT = q - q

(11)

where the "~" denotes a least-squares projection.
The combined norm of the velocity, pressure, and tem-

perature fields and their errors are computed using the fol-
lowing expressions:

||(«,p, T)\\ = {||«||
\\e

(12)
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where the individual norms are defined as

\\u\\l = \ r : rdfl , \\e"\\2
E = I e":e"

Jn Ja

\\p\\t =

\\eT\\2 =

This is the so-called natural norm induced by the variational
formulation of the problem, which includes variations of the
fluid properties. This ensures that mesh refinement will occur
in regions where heat fluxes and shear stresses variations are
significant. It will avoid over-refinement in cases where tem-
perature and velocity may have steep gradient but fluid prop-
erties are small enough such that heat fluxes and stresses show
little variation.

Local Partial Differential Equation Problem for the Error
This approach provides an estimate of the error without

having to solve the global least-squares problems required by
the previous estimator. Partial differential equations (PDEs)
and their weak forms for the velocity, pressure, and temper-
ature errors can be derived directly from the Navier-Stokes
equations5-16-17 by substituting the following relationship:

M = uh 4- e"

p = ph + e?
T = Th + eT

(14)

where the subscript h denotes the finite element solution, and
ex is the error in the variable x. Unsubscripted quantities are
the exact solution.

The following variational equations for the error are ob-
tained:

a(e", v) - (ep, V - v ) + (pgfieT, v) = -a(u, v)

+ (~puh-Vuh - pgfl(Th - T»), v) + (ph, V - v )

+ ( [ r - n - phn]A, v)^xr. + (?, v)dKnr.

(s, V-e") = (s, V-O

d(eT, w) = (-pcpuh-VTh, w) - d(Th, w)

(15)

The terms in parentheses on the right-hand side (RHS)
represent the element residuals, a measure of the accuracy of
the finite element solution inside an element. The terms in
brackets are the average momentum and heat fluxes across
element faces. The difference between this average value and
the raw flux evaluated on the face of the element reflects how
well the solutions on two neighboring elements are matched.
The second equation is a measure of mass conservation.

This is a well-posed Neumann problem that is discretized
locally on each element. The Neumann conditions are given
by the viscous and conduction fluxes. Zero Dirichlet condi-
tions are applied to the error components on the element
faces along solid walls. Velocity and temperature errors are
approximated with three quartic bubble functions associated
to the midside nodes of the triangle. The pressure error is
approximated with a quadratic bubble function. This results
in small 10 by 10 systems of equations that are inexpensive
to solve. The norm of the errors is computed as in the previous
section. Further theoretical details may be found in Refs. 17
and 18.

Adaptive Remeshing
There remains one key issue to discuss: how does one ex-

ploit the knowledge of the error distribution to design a better
mesh. The adaptive remeshing strategy is straightforward and
follows that proposed in Refs. 1,4, and 5, and proceeds as
follows:

1 - Generate an initial mesh
2 - Compute the finite element solution
3 - Compute error estimate
4 - if ( global error < tolerance ) then

- stop
else

- compute grid density from error estimate
- generate an improved mesh according to grid

density
- interpolate current solution on new mesh

- goto 2
end if

We now provide details on some of the steps of this algo-
rithm.

The success of the adaptive strategy depends entirely on
the adequate determination of the grid density function. It
must ensure that smaller elements are generated in regions
of large errors and bigger triangles will be created where the
mesh is too fine. Once the finite element solution has been
obtained, the error on each element is computed using one
of the previously described estimators. The global norms of
the solution and the error are computed as follows:

HOI2 = X I
so that the relative error can be evaluated

= \\em\\l\\U\\

(16)

(17)

There remains to compute the element size for the im-
proved mesh so that elements are smaller in regions of large
error and bigger in regions where the solution is already ac-
curate. This is achieved by requiring that the improved mesh
be optimal (i.e., that all elements have the same average error
eav). Now, given a target relative error r/r, the total and target
average error can be related as follows:

(18)

Finally, an expression for element sizes can be derived from
the asymptotic rate of convergence of the finite element ap-
proximation that relates the error to some power k of the
element size h:

(19)

(20)

\\e\\ = chk

which can also be written for the target error:

Ikavll = c8k

(k equals 2 for the present case). These two equations can be
solved for the required element size:

8 = [ji,\\U\\/\\e\\VZ]™h (21)

This distribution of element size is then used as the grid
function in an advancing front mesh generator in order to
generate an improved mesh.

This strategy can be used in either of two modes. In the
fixed relative error mode 17, is kept fixed at say 5 or 10%. In
the reduction mode the target error \\eav\\ is set equal to a
fraction of \\etot\\ computed on the current mesh. The fixed
relative error target mode works best when only velocity gra-
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dients appear in the norms. For many problems a target rel-
ative error of 1-5% is quite acceptable for engineering ap-
plications.15 It was found that the error reduction mode works
best when different variables appear in the error estimate, as
is the case here in Eq. (12). A 10-fold reduction of the error
estimator usually yields results that are "grid converged."

Theoretical analysis for the seven-node triangle clearly in-
dicates that the convergence rate with mesh refinement is
optimal and equal to two for both the L2 norm of the velocity
gradients and the L2 norm of pressure [i.e., the norms used
in Eq. (12)]. This is important because it leads to a quasiop-
timal remeshing algorithm. Using a rate of convergence other
than this one leads to over- or under-refinement of the mesh.
Furthermore, the theory presented in Ref. 19 results in a
combined rate of convergence for all dependent variables.
Any other choice leads to a different rate of convergence for
each variable, which makes it impossible to determine a unique
and consistent mesh size.

Application
Mixed Convection in Vertical Pipe

This configuration was studied experimentally and numer-
ically in Ref. 10. Figure 1 presents a sketch of the domain
with boundary conditions. Calculations were performed with
a nondimensional form of the equations. The nondimensional
variables are defined as follows:

Table 1 Vertical pipe, projection estimator

xt = x f l a , Uf = u*lun

= I/Re, = (T - Th)l(Te - Th)
(22)

where a is the radius of the pipe, um is the mean velocity, Re
is the Reynolds number Re = (paum)/fjL, Th is the temperature
of the heated/cooled section, and Te is the inlet temperature.

The simulation was performed for the two cases of Ref. 10.
For the first case (A) the Reynolds number is 25, the Grashoff
is 5000, and the dimensionless temperature on the top wall
is 4. The conditions result in massive separation on the cold
wall, followed by rapid acceleration of the flow on the strongly
heated upper section of the wall. This in turn results in a
recirculation zone at the center of the pipe. For the second
case (B) the test section is heated and the top wall is cooled
to the inlet temperature. The values of the parameters in this
case are Re = 50, Gr = -50,000, and Ox = 1.

Infinity condition
Temperature • Tw

Cooled/heated
section
Temperature - Tw

Heated/cooled
section
Temperature * Th

x-xo_

First section
Temperature • T«

symmetry

Entry conditos
Tetopetatote * T»

Fig. 1 Mixed convection in vertical pipe: computational domain and
boundary conditions.

Mesh
0
1
2
3

No. of
nodes

847
1922
3658
7328

No. of
elements

378
905

1733
3561

Solution
norm
117.0
116.8
115.2
115.5

Error
estimate

1.069 x 10-1

3.077 x 10-2

1.542 x 10-2

6.566 x 10-3

Table 2 Vertical pipe, local problem estimator

Mesh
No. of
nodes

No. of
elements

Solution
norm

Error
estimate

847
1650
3264

378
779

1573

117.0
117.0
117.3

9.660 x 10-
6.893 x 10-
2.715 x 10-

initial
mesh

final
mesh

streamlines temperature
contours

Fig. 2 Mixed convection in a vertical pipe: case A.

The computations were performed by using both the post-
processing and local problem error estimators. The behavior
of the adaptive process for case A is presented in Tables 1
and 2. Both estimators produce the reduction of the error at
each cycle. Hence, the solution accuracy improves steadily at
each adaptation cycle. Note that in both cases the meshes,
solution and error norms behave similarly. Nearly identical
results were obtained with both methods. Hence, only one
set of results is presented.

Figure 2 presents the initial mesh, the final mesh, stream-
lines, and temperature contours for the final solution on the
case A. All plots show smooth contour lines. The mesh has
been highly refined along the strongly heated top wall because
of the thin hydrodynamic and thermal boundary layers. This
is to be expected since the heating of the top wall greatly
reduces the density of the fluid and results in a strong accel-
eration of the flow.

On case B the flow is very strong accelerated in the central
heated section near the wall, having recirculation zones on
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the center of the pipe and near the cooled wall. As can be
seen on Fig. 3 grid points are concentrated in regions having
high velocity and temperature gradients. The adaptive strat-
egy results in an efficient deployment of computational grid
points to achieve a good accuracy. Temperature contours and
streamlines obtained on the final mesh are also plotted in
Fig. 3.

The predictions for the local and average Nusselt numbers
and for the skin friction coefficient are compared with the
numerical results of Ref. 10. The Nusselt number is defined
as Nu = hLIk and expressed in terms of 0 leads to10

(23)

where Om is the average temperature. The average Nusselt
number for a point x is defined by

1 fx
= ——— Nu(x) dx

X — XQ Jxo
(24)

where x() represent the coordinate at the beginning of the
heated/cooled region.

According with Ref. 10 we calculate also the friction coef-
ficient times the Reynolds number as Ref = 8fl|^=1, where
(1 denotes the vorticity:

(25)

The values obtained on the first and the adapted meshes,
together with the predictions from Ref. 10 are plotted on Fig.
4. As can be seen, adaptation results in very accurate pre-
dictions of these derived quantities. Differences observed for
the average Nusselt number when compared to those of Ref.

Initial mesh
Adapted mesh

Ref. [10] -

b)

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6

1\

-
V

1 1 1 1

.»••"

Initial mesh ———
Adapted mesh ——

Ref. [10] -----_

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6

400
350
300
250
200

$150
100
50
0

-50
-100

Initial mesh ——
Adapted mesh ——_

Ref. [10] ---

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6
c) x

Fig. 4 Case A: a) local Nusselt number, b) average Nusselt number,
and c) friction coefficient times Reynolds number.

initial
mesh

final streamlines temperature
mesh contours

Fig. 3 Mixed convection in a vertical pipe: case B.

10 are due to the different numerical values of the initial point
of integration. The Nusselt number at the initial point XQ is
theoretically infinite because of the discontinuity in the tem-
perature. Hence, the result of the integration depends on the
first element size, close to x0. Consequently, the value of the
average Nusselt number is precise to an additive constant.
Similar results are obtained for case B as shown on Fig. 5.

Mixed Convection with Transverse Injection in a Sudden Expansion
The configuration studied in Ref. 20 is shown on Fig. 6.

Laminar flow enters the backward facing step whose bottom
walls and step (2, 3, 5 on Fig. 6) are heated at constant
temperature. The top wall is adiabatic and fluid can be in-
jected with a velocity vy at the base of the step through an
opening (4 on Fig. 6). Simulations were performed at a Reyn-
olds number of 100 and Ri = 0.4. This case is more challenging
than the simple isothermal flow over a backward-facing step
because buoyancy forces act perpendicularly to the main flow
direction. Fluid is injected vertically at the base of the step
with a velocity vy = 0.2/7, where U is the mean velocity at
the channel inflow. The effect of the Boussinesq term results
in a thermal layer all along the bottom wall. The behavior of
the adaptive process for both error estimators is presented in
Tables 3 and 4. At each cycle the error is reduced by a factor
that is very close of the imposed value of 3. Hence, the so-
lution accuracy improves steadily at each adaptation cycle.
As can be seen, both estimators behave similarly. Error es-
timates, solution norms, and mesh characteristics are com-
parable.

Figure 7 shows the meshes that were adaptively generated
by using the postprocessing error estimator. Nearly identical
results are obtained with the local problem error estimator.
Hence, only one set of results is presented. As can be seen
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25

20

15

10

5

0.2

25

20

C15

10

5

b)
0.2

500

400

300

§200

100

0

-100

c)
0.2

Initial mesh ——
Adapted mesh ——

Ref. [10] —-

0.3 0.4 0.5 0.6 0.7

Initial mesh ——
Adapted mesh ——

Ref. [10] - - - - -

0.3 0.4 0.5 0.6 0.7

Initial mesh ——
Adapted mesh ——

Ref. [10]

0.3 0.4 0.5 0.6 0.7

Fig. 5 Case B: a) local Nusselt number, b) average Nusselt number,
and c) friction coefficient times Reynolds number.

Table 3 Mixed convection in a sudden expansion,
projection estimator

Mesh

0
1
2
3

No. of
nodes

778
1451
3132
7270

No. of
elements

347
668

1481
3497

Solution
norm
1.127
1.099
1.088
1.087

Error
estimate

4.944 x 10-2

1.984 x 10~2

8.211 x 10~3

3.569 x 10~3

Table 4 Mixed convection in a sudden expansion,
local problem estimator

Mesh
0
1
2
3

No. of
nodes

778
1422
3121
7018

No. of
elements

378
661

1481
3497

Solution
norm
1.127
1.099
1.092
1.087

Error
estimate

5.712 x 10-2

1.949 x 10-2

8.725 x 10~3

3.596 x 10-3

Cycle - 3

Fig. 7 Mixed convection with injection: adapted meshes.

(6) Streamlines

(1) y
(?) I

D-S
(7)

(5)

Fig. 6 Mixed convection in a sudden expansion: computational do-
main and boundary conditions.

refinement occurs near the corner, near the injection point,
and on the base of the step where fluid injection causes a thin
wall shear layer. Isotherms show the significant cooling effect
due to injection. The apparently excessive refinement near
the outflow boundary is due to the simple boundary conditions
used in the present computations, which does not include the
effect of the buoyancy forces at the outflow boundary. Iso-
therms and streamlines plotted on Fig. 8 agree very well with
those of Ref. 20. Figure 9 presents the Nusselt number dis-
tribution on the base of the step. As can be seen, injection
significantly enhances heat transfer on the backward-facing
wall.

Computational Efficiency
These results illustrate the improved resolution that can be

achieved with adaptivity. The proposed adaptive strategy also
results in a cost-effective solution algorithm that is well worth
the added complexity. Table 5 contains computational statis-
tics obtained on an IBM E/S 9000 with vector facility, for
mixed convection in the sudden expansion with cold fluid

Temperature contours

Fig. 8 Mixed convection with injection: solution on the final mesh.

without injection ——
with injection -—

0.4 0.6 0.8

Fig. 9 Nusselt number distribution on the step.

injection, using the projection estimator. Timings, in seconds,
include all aspects of computations (grid generation, flow so-
lution, error estimation, and interpolation of the solution be-
tween grids).

Computation of the error estimate represents typically less
than 20% of the cost of obtaining a solution on a given mesh.
Complete solution of this problem required a total of 620
CPU seconds. Solving the same problem directly on the final
mesh without using intermediate grids would have required
approximately 780 CPU seconds. Our computing time of 10
min on an IBM E/S 9000 should be contrasted with the 360-
480 min on a Vax 8650 for a comparable grid.20 This is a
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Table 5 Computational statistics for adaptation

Cycle
0
1
2
3

No. of
interpolations

9
3
3
3

Meshing,
s

1.44
4.93

10.49
19.76

Solution,
s

37.83
38.28

123.36
258.29

Adaptation,
s

7.65
16.51
37.44
65.96

significant improvement even when differences in hardware
speed are taken into account.

It should also be noted that without adaptivity it would
have been nearly impossible to generate a grid leading to
comparable accuracy without at least doubling the number of
grid points on the final mesh. In fact, it is very difficult to
achieve a good allocation of grid points without the extra
knowledge gained from the error estimates. Given that Gauss-
ian elimination is used at each Newton iteration, the increase
in computational cost is proportional to the cube of the num-
ber of grid points. It follows that nonadaptive computations
of comparable accuracy would have been far more expensive
than adaptive ones.

Conclusions
An adaptive remeshing finite element procedure has been

presented for solving mixed convection heat transfer prob-
lems. The two error estimators presented have proven reliable
and convergent when compared with experimental measure-
ments. Both estimators are sensitive to hydrodynamic and
thermal layers. The adaptive procedure has shown robust and
can be used effectively in a blackbox fashion with little or no
intervention on the part of the user. Predictions for heat trans-
fer agree well with previous experimental and numerical ob-
servations.
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